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We develop a class of traveling-envelope solutions of Schrodinger equation for a free particle whose 
amplitude is moving with constant group velocity while keeping its shape undistorted. We show 
that solution with arbitrary finite group velocity is obtained by Lorentz boosting the solution with 
vanishing group velocity, if the quantum average energy E and momentum p are related to the 
rest-mass m of the particle by Einstein formula E /c — p — m c . The wave function is spatially 
localized with finite-size support which is decreasing as the rest-mass and/or group velocity are 
increased. For a particle with vanishing rest-mass yet finite momentum, we show that the group 
and phase velocities are equal to the velocity of light and the wavelength is given by Einstein another 
formula Ap = h/p. 
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Let us consider the quantum dynamics of a single free 
particle of mass ^ in one dimensional space denoted by 
X. The complex-valued wave function at time i, 'ip{x;t), 
is assumed to satisfy the following free Schrodinger equa- 
tion: 
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It is evident that the above Schrodinger equation is not 
Lorentz invariant, thus is usually not regarded as the 
proper equation describing a relativistic free particle 
Despite of this fact, below we shall show that it possesses 
a class of traveling-envelope solutions which is generated 
by Lorentz transformation parameterized by ^. We shall 
then argue that it quantum mechanically represents a 
free relativistically moving particle. 

First, given a pair of real-valued parameters (fc,w), let 
us consider the following class of wave functions: 

i{jv(x;t) — AyCos\'^k(x — vt)\ exp —(fivx — '^Eot) , (2) 

Lfi J 

where 7 = "f(v) is some dimension-less factor assumed 
to depend on v. One can then check by direct substi- 
tution that the above wave function satisfies the free 
Schrodinger equation of Eq. Q if Eq is related to k 
and V as follows: 
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where we have defined m as m = ^/7, whose physical 
meaning will be clarified later. Notice that the wave 
function of Eq. ([5]) is a traveling wave function with 



group velocity Vg 



To be precise, since the phase ve- 



locity Vp = jEq/{iiv) = EQ/{mv) is in general not equal 
to the group velocity, below we refer to it as traveling- 
envelope wave function. We shall discuss the case when 
Vp = Vg = V at the end of the paper. Notice also that in 
general it is not the eigenfunction of Hamiltonian oper- 
ator, H = j)^/(2/i), where p = —ihdx is the momentum 



operator, except when w = 0. Ay is a, normalization con- 
stant. Hence, to be normalizable with non- vanishing A^, 
the wave function must possess only a finite-length spa- 
tial support. We shall first focus on the dynamical prop- 
erty of the traveling-envelope wave function and discuss 
the issue of its normalization afterward. 

To proceed, let us assume a functional form of 7 = ^{v) 
so that for vanishing group velocity, w = 0, it reduces to 
unity: 7(0) = 1. Then, for the case of w = 0, the wave 
function of Eq. ^ becomes stationary 



ipo{x;t) = AoCOs{kx)e-xjp{—iEot/h). 
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The above wave function satisfies the free Schrodinger 
equation when Eq is given by Eq = k'^ / {2m) . One 
can then easily verify that the traveling-envelope wave 
function of arbitrary finite group velocity v of Eq. ([2]) 
can be obtained back from the resting (stationary) wave 
function of Eq. up to normalization constant, by the 
following coordinate transformation: 
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If one further chooses the following form of 7 = "/(v) 
and Eq: 



7(w) = (l-vVc2)-i/2, Eo = mc'' 



(6) 



where c is the velocity of Hght, then one obtains the 
Lorentz transformation [2] 
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This is the main formal result of the present paper. Be- 
low we shall attempt a physical interpretation in term of 
relativistic dynamics of a free moving particle. Let us re- 
mark before proceeding that for sufficiently small group 
velocity \v\ <^ c, Eq. ^ reduces into Eq. (21) of Ref. 
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Q, up to small correction of the order ~ o(u^/c^). More- 
over combined with Eq. ([3]), the choice of Eq in Eq. © 
restricts k to depend on v and m, k — k{m^v). In par- 
ticular, given /i, one can choose a pair of {m, v} so that 
^ = 'y[v)m. The chosen value of {m,v} then determines 
A: through Eqs. ([SI) and dH]). 

First, one can straightforwardly show that the quan- 
tum average momentum and energy over the traveling- 
envelope wave function of Eq. ([2]) are given by 



(p) = J dxTp*ix;t)pTp{x;t) ~ jmv = p, 
(H) = / dxil:*{x;t)HiP{x;t) = -/Eq = jmc^ = E, (8) 



where we have used Eq — mc^ in the lower equation. 
Hence, multiplying both sides of Eq. ([3]) with 7, one 
obtains 



E = jEo = 
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which can be interpreted as describing relation among 
different kind of quantum energies. In particular, the sec- 
ond term on the right hand side K = /xu^/2 = jmv'^/2 
should be interpreted as the contribution from the rela- 
tivistic kinetic energy of a particle of mass fi = 7™ mov- 
ing with velocity v. The physical meaning of the first 
term will be clarified as we proceed. The total quantum 
energy E is thus always positive definite. 

One can then use the quantum average energy E = 
jmc^ and momentum p = jmv given in Eq. ([5]) to de- 
fine the relativistic energy-momentum four vector (two 
vector, in our case of one space dimension). In particu- 
lar, from Eq. ([6]) and Eq. one directly obtains the 
following relation: 
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This is the well-known and important energy-momentum 
relation developed in the theory of special relativity 0,01, 
now it is shown to be valid for quantum average energy- 
momentum. Thus, the above relation can be interpreted 
as the quantum version of the energy-momentum rela- 
tion of special relativity. For the case of vanishing group 
velocity, u = so that p = 0, one obtains the rest-energy 
E = mf? — Eq. to = /i/7 thus must be interpreted as 
rest-mass. 

On the other hand, Eqs. ([3|) and 



give 
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The above result is of course missing in the correspond- 
ing classical theory of special relativistic dynamics, thus 
is quantum mechanically inherent. In particular, for van- 
ishing group velocity, v = 0, one has 
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Since the right hand side of Eq. (IT2]) is rest-energy of 
the theory of special relativity, then it is intuitive to 
call the first term on the right hand side of Eq. ([9|), 
/ = 7?i^fc^/(2TO), as the internal energy. Equation 
thus shows us that the relativistic rest-energy should 
quantum mechanically be interpreted as the internal en- 
ergy when the group velocity is vanishing. In particular, 
it relates the particle-like property of rest-mass m with 
the wave- like property of wave number k of the amplitude 
when V = through the constant h/c, a combination be- 
tween the two constants of quantum mechanics and spe- 
cial relativity. Equation has been conjectured by 
the author in the previous work jSj. Hence, starting from 
non-relativistic quantum theory, we can also predict the 
existence of rest-energy developed in the theory of special 
relativity. 

In contrast to the above results, in the prevailing ap- 
proach to quantization, one usually starts from a clas- 
sical relation between energy and momentum and infers 
the corresponding quantum mechanical relation by the 
standard quantization rule: namely replacing the en- 
ergy and momentum in the classical relation with the 
corresponding differential operators: E 1-^ E = ihdt 
and p 1-^ p = —ihdx, respectively 0. In this para- 
graph, E and p refer to classical energy and momen- 
tum, respectively. Hence, for example, the Lorentz in- 
variant Klein- Gordon equation is obtained by applying 
the above quantization rule to the relativistic energy- 
momentum relation of Eq. (jlOp H. Moreover, the quan- 
tization of the non-relativistic energy-momentum rela- 
tion, E — p^ /{2m), obtained from Eq. PH)) by neglect- 
ing the rest-energy, toc^, and other small correction of 
the order o(w*/c^) where v is the velocity of the particle, 
gives the free Schodinger equation of Eq. ([ij [6] . 

In the above standard scheme of quantization of a 
classical system, the plane wave plays a very crucial 
role to represent a free particle. This is encouraged 
by the fact that plane wave is the eigenfunction of mo- 
mentum and energy operators, and inserting it into the 
Schrodinger equation and the Klein-Gordon equation will 
reproduce the corresponding classical relation between 
energy-momentum. In contrast to this, we argue in this 
paper that a free particle should be represented by a 
traveling-envelope wave function of Eq. In partic- 

ular, using the traveling-envelope wave function in the 
Schrodinger equation, one gets the relativistic energy- 
momentum relation. Moreover, the rest-energy is quan- 
tum mechanically interpreted as internal energy for van- 
ishing group velocity shown in Eq. (jl2l) . 

Next, the relation of Eq. ([TT|) shows that the wave 
number of the amplitude fc„ = ^k depends on the group 
velocity and the rest-mass through 
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where Ac — fi/ (mc) is the Compton wavelength. For van- 
ishing group velocity v = one thus has fcp — V2Xc^ ■ On 
the other hand, for the maximum possible group velocity 
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c, one obtains 



p/n, 



(14) 



where we have used the upper equation of Eq. © for 
V = c. Since in this case 7(1" — >■ c) — >■ 00, to have a 
finite /i — 7m thus p and also /cc, then m and A; must be 
vanishing, m — ^ and fc — 0. Moreover, in this limiting 
case of u — c, the internal energy / and the kinetic energy 
K are both approaching half of the total energy 



I = K ^ E/2^pc/2, 



(15) 



where we have again used Eq. ^ and Eq. ([Tl)) . 

Now let us discuss the problem of normalization of the 
traveling-envelope wave function of Eq. In order 

to make the traveling-envelope wave function of Eq. ^ 
normalizable, J dx\'ipy{x;t)\'^ = 1, one must introduce a 
finite length of spatial support. Namely one assumes that 
the wave function takes non-vanishing value only within 
a bounded set of real numbers. It is natural to assume 
that the set is connected, hence the support should be 
a closed and bounded interval of real number. On the 
other hand, in Ref. Q, we have argued that the wave 
function can self-generate its own boundary through the 
idea of self-trapping f^. First, for v = 0, one chooses 
a class of wave functions whose amplitude is given by 
self-consistently solving the following pair of equations: 
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where Z is a normalization constant and T > is real- 
valued parameter. In the so-called pilot-wave jSj and 
Madelung fluid interpretations of Schrodinger equa- 
tion, the above defined U (x) is called as quantum poten- 
tial. Then the amplitude of the wave function in Eq. ^ 
for V = thus 7=1 can be shown as the solution of 
Eq. m]) in the hmit of T dj. In this hmit, U{x) is 
constant inside a finite length of interval given by 

Mo = [-Lo,Lo] where Lq = 7r/(2fc), (17) 

and is infinite at the boundary points x — ±Lq. Ac- 
cordingly, the envelope of the wave function takes non- 
vanishing value only inside Mo, and vanishing at the 
lower and upper boundary points of A^o- In this sense, 
we said that the wave function is self-trapped by its own 
self-generated U{x) 0. 

Then, as shown in Eq. ©, since for the case of non- 
vanishing value of group velocity v the wave number of 
the envelope changes as k 1-^ = ^k, it is natural to 
assume that the spatial support for the case of group 
velocity v at time t is given by 

Mv ^ [vt - Ly,vt + Ly] where Ly ^ 7T/{2jk). (18) 

The envelope of the wave function is still vanishing at the 
boundary points of its support, which is now moving at 
the velocity v. Hence the length of the support is 



A,, = 2L„ — 



j{v)k{m,v) mc ^2 - jc^ ' 



(19) 



where we have used Eq. (|T3)) . In general, the length of 
the support is thus determined by m and v. In particular, 
it is decreasing as we increase m and/or v. Accordingly, 
the normalization constant also depends on m and w, and 
is given by Ay — 2'^k/'K. 

Let us express the length of the support in term of 
energy-momentum. Using Eq. (|5]) in Eq. (I19p one ob- 
tains 
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Next, let us again discuss two limiting cases. First, for 
vanishing group velocity v — ^ one has Aq = {'k l\/2)\c- 
On the other hand, for the case of w — ?> c, one gets 
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where h — 2Trh is the Planck constant. Notice that the 
wavelength Ap of the amplitude of the traveling-envelope 
wave function is given as twice of its length of support. 
In the limit u — >■ c one thus obtains 



p^ 



2Ar, 
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which is just Einstein's quantization formula for photon 
[lol [llj . The above result can of course be obtained di- 
rectly from Eq. (|14l) by noticing Ap = 2n/kc- 

Finally, since in the limit w — ^ c, one has ky — "/k ^ 
p/h and E = jEo — )> pc, the traveling-envelope wave 
function of Eq. ^ for particle with vanishing rest-mass 
yet finite momentum p is approaching 



|(x-rf) 



exp 



j{x-ct) , (23) 



where the support is given by x € Mc = [ct — L^, ct + L^] 
with Lc — Trh/{2p). In this case, one has = p/c. No- 
tice that the phase velocity and group velocity of the 
above wave function are both equal to c. Conversely, 
assuming that the phase velocity is equal to the group 
velocity, Vp = Vg = v, one gets v = Eo/{mv). Recall- 
ing the fact that Eq = mc^, one has Vp = Vg = ±c. 
Moreover, the wave function of particle with vanishing 
rest-mass of Eq. (|23p now satisfies the Lorentz invari- 
ant Klein-Gordon equation without mass term (ordinary 
wave equation) 



(24) 



where □ — —{l/c^)df + is D'Alembertian operator. 

To conclude, we have thus shown that even though 
the Schrodinger equation of Eq. ([1]) is not invariant un- 
der Lorentz transformation, there is a class of solutions 
given in Eq. ^ which is generated by Lorentz transfor- 
mation. The latter means that the solution for arbitrary 
finite group velocity can be obtained by Lorentz boost- 
ing the solution of vanishing group velocity. This leads 
to the relation between the quantum average energy and 
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momentum of Eq. (ITO|) . which takes exactly the same 
form with the one developed in the theory of special rel- 
ativity. It is therefore reasonable to regard the traveling- 
envelope wave function of Eq. ^ as describing a free 
particle moving relativistically with the velocity given by 
the group velocity of the wave function, and whose en- 
ergy and momentum are given by the quantum average 
energy and momentum respectively. 

Furthermore, starting from Schrodinger equation, we 
also predict the existence of inherently quantum mechan- 
ical internal energy, which, for the case of vanishing group 
velocity, reduces into the rest-energy developed in the 
theory of special relativity. This energy is further ar- 
gued to determine the length of the spatial support of 
the traveling-envelope wave function when it is at rest. 
In general, the length of the support of the traveling wave 
function of Eq. ([2]) is decreasing as we increase the rest- 
mass m and/or the velocity v of the particle. Since the 
spatial support provides the region where the quantum 
effect takes place, say through superposition, then one 
can say that the smaller the size of the spatial support, 
the more classical and particle-like the wave function is. 
These two facts are in accord with our intuitive defini- 
tion of classical regime which is the regime of large en- 
ergy [H. Combined together, we have thus suggested that 
the Schodinger equation contains, as a classical limit, the 
theory that describes the relativistic motion of a free par- 
ticle. 

Moreover, in the limit of vanishing rest-mass m yet 



with finite momentum p, we show that the group and 
phase velocities of the wave function are equal to the 
velocity of light, c. The relativistic mass is then given 
hy fi — p/c and the wave length Ap of the corresponding 
traveling-envelope wave function is related to the momen- 
tum by the Einstein quantization formula for a photon 
Ap = p/h. In this case, the traveling-envelope wave func- 
tion satisfies the Lorentz invariant Klein- Gordon equa- 
tion with vanishing mass term. 

At formal level, a point should be mentioned. As 
long as Eq. ^ is valid, Eq. ^ will satisfy the free 
Schrodinger equation for arbitrary choice of functional 
form of 7 and Eq, even if they are not given by Eq. 
Hence, the coordinate transformation of Eq. ([5|) is in 
general not equal to the Lorentz transformation of Eq. 
([7]). Accordingly, the energy- momentum relation of Eq. 
(flUl) is valid only for the specific choice of 7 = 7(u) and 
Eq as given in Eq. ([6|) [ij]. One should also note that 
the same choice of Eq. ^ gives the Einstein quantiza- 
tion formula for a particle with vanishing rest mass of 
Eq. 
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